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Mathematical and experimental investigation of
the self-propagating high-temperature synthesis
(SHS) of TiAl; and NizAl intermetallic compounds
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One-dimensional mathematical modeling was used to describe the self-propagating
high-temperature synthesis (SHS) process for preparing TiAl; and NisAl intermetallics. The
kinetic parameters (activation energies and pre-exponential factors) for the two compounds
were obtained by matching experimental measurement and the numerical solution. The
results thus obtained were compared with rate parameters obtained using different
methods. The activation energy was 483 and 283 kJ mol~" for the formation of TiAl; and
NisAl, respectively. The temperature profiles calculated using the mathematical model were
compared with experimental measurements for both aluminides which indicated
reasonable agreement. Fine particle size and moderate preheating increase the SHS rates.

Nomenclature

a Thermal diffusivity, m?s ™!
¢ Heat capacity, JK ™ 'mol ™!
E Activation energy, J mol ™!

AH  Enthalpy, J mol ™!
I 1 1
J odt + f (1 — t) @ dt, defined in Equation 29

0 0
Rate constant, s~

Pre-exponential factor, s~
Atomic fraction

Reaction order

Function defined by Equation 17
Gas constant, 8.314 Jmol 1K !
Temperature, K
Time, s

Burning rate, ms~
Distance, m

1
1

1

RS g 3w

Greek Letters

o Conversion fraction
A Thermal conductivity, Wm ™ 'K !
p "Density, gcm ™3
G Constant in Equation 36
T Dimensionless temperature defined by Equa-
tion 12
—AH . .
? Lﬂ defined in Equation 13
Tad - TO
] function defined in Equation 2
® puc
Subscripts
0 Initial state or total
1 Substance 1

2 Substance 2
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a Substance a
avg  Average

ad Adiabatic state
b Substance b

f Formation

ig Ignition state
m Mean

max Maximum

S Sample

1. Introduction
A substantial number of inorganic materials can be
synthesized using their exothermic heats of formation
by reacting mixtures of very fine powders of the con-
stituent reactants [1-5]. In many cases, when one end
of such a mixture is ignited, the reaction self-propa-
gates through the rest of the mixture until all the
reactants are consumed. The unique advantages asso-
ciated with this process include the fact that a very
high reaction temperature can be reached with a small
amount of external energy. This group of reactions is
of considerable interest in producing intermetallic
compounds, ceramics, and composite materials.
Among these materials, titanium and nickel alumin-
ides have attracted a great deal of attention due to
their high strength-to-weight ratio and high-temper-
ature corrosion resistance [6-9]. The major short-
coming of these materials is their brittleness. Their
ductility can, however, be improved by the addition of
minor dopants as in the case of boron addition to
Ni3zAl [10], Nb addition to TiAl and Ti;Al [9] and Ti
and Nb additions to NiAl [11].

The objective of this research was to study the SHS
of the intermetallic compounds of nickel and titanium
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aluminides, especially the Ni;Al and TiAl; phases.
A series of experiments was carried out to investigate
the effects of various initial conditions on the SHS
results. The products were examined using the elec-
tron microprobe (EPMA) energy-dispersed X-ray
(EDAX), X-ray diffraction (XRD) and eptical micro-
scopy to determine the phases and their physical char-
acteristics. The microhardness of the products was
also measured to study the effects of initial variables.
Most of the results on the effects of the experimental
conditions on the properties of the product were sum-
marized in an earlier paper [12]. In this article, the
rates of the SHS of TiAl; and Ni;Al intermetallic
compounds are analysed. For this purpose, a unidirec-
tional steady-state mathematical model was
formulated. The kinetic parameters obtained by
solving the model equation are compared with
those obtained using an approximate solution
available in the literature [ 2] and those obtained using
differential scanning calorimetry (DSC) in this
laboratory [13].

2. Mathematical modelling of
unidirectional combustion
A unidirectional steady-state mathematical model
for SHS based on heat transfer and chemical kinetics
was formulated. The numerical solution to the
model is described. The method for obtaining
kinetic parameters from the observed burning
rates and temperature profiles during SHS is
given.

2.1. Model basis

One of the notable characteristics of the SHS process
is the sharp temperature change with respect to time
or space. In general, the sample is ignited at one end of
the pellet, and the combustion front propagates
through the pellet to the other end. It is reasonable to
assume unidirectional reaction for the purpose of
mathematical modeling.

The following assumptions
development of the model [3]:

(I) The reaction proceeds in one direction.

(I) The sample is treated as a homogeneous
continuum. The physical properties are isotropic.

(ITT) The effects of temperature on the thermal
properties are small. Thus, averaged values of
parameters are used.

(IV) The physical properties do not change
significantly upon reaction, and the same property
values can be used for the product(s) and the reactants.

(V) Heat loss to the surrounds is negligible.

are made in the

2.2. Mathematical modeling

By performing an energy balance, the following gov-
erning equation based on the model assumptions is
obtained [3, 14,15]

o (. 8T oT
p(—AH)® =—a<za>+ pemr (D
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where @ is the kinetics function given by

(D:gz

= = KO @

and o is the fractional conversion and the rate con-
. . A .
stant k is given by the Arrhenius equation

k = koexp <_1—2111f> (3)

Combining Equations (1-3), the governing equation
describing the unidirectional combustion can be writ-
ten as

0 (0T _ T
Ox Ox pe ot

e -

with the following boundary conditions:

fort <0, T=Tgy, a=0 (5)
oT

forx=—00, T=Ty, —=0, a=0 6)
Ox
oT

forx=00, T=T,, —=0,a=1 (7
Ox

After ignition, the SHS process can be treated as
a steady—state problem with the burning front moving
at a constant speed. For mathematical convenience,
let the solid move in the direction of the distance
coordinate at the same rate as the burning front. Then,

dx
S )
and
oT oT
T Y ®

Thus, the following steady—state model is formulated,
assuming constant thermal conductivity:

T dT
x pcu—&; + p(—AH)kof (o)

exp<—%> =0 (10

The boundary conditions remain the same.

Since the rate function ® involves fractional conver-
sion a, it is necessary to relate it to other parameters.
Integrating the governing Equation 4 between the
limits x = — oo to any point x using boundary condi-
tions for o, one obtains,

pceu(T — To) — /lg—
dx

T Y T 4y

Equation 10 with the boundary conditions forms the
mathematical model for the unidirectional steady-
state combustion for th¢ SHS process. Solving these
equations, the temperature profile can be calculated if
the kinetic parameters, viz. activation energy,
pre-exponential factor, and the form of the conversion
factor, are known.



2.3. Solution of the model equations

There is no analytical solution to the governing
equations. Direct numerical solution of the equations
is difficult since it involves a stiff problem, which is
caused by the steep temperature increase with distance
[16,17]. Because the chemical reaction is highly
exothermic, a simplified solution may be used
[18-21]. It is convenient to define the following
dimensionless variables:

_ T-T,
T = ——Tad‘—To (12)
o = S0 13

Equation 10 and the boundary conditions are
rewritten in terms of ©

d*t dz
d
x=——oo,r=(),d—; -0 (15)
d
x=+oo,r=1,a§ =0 (16)

Since x does not appear explicitly in the equation, let
dt

p = 7v'd‘); (17

When the following term is introduced,

® = puc (18)
the governing equation becomes
d .
P — o+ o) = 0 (19)

with boundary conditions

T=0 p=20 (20)
=1L p =20 @n
Rewriting Equation 11,
®T — Ap
= — 22
* T b(CAH)u (22)

The governing equation can be further simplified by
considering that ® is a very strong function of
temperature [19]. At low temperatures, the chemical
reaction is weak, and therefore Equation 19 becomes

dp

PE—op = 0 <t 23)
Applying boundary condition 20 to Equation 23, we
get

p = 0t (T<T) (24)

At high temperatures, the chemical reaction is very
fast, and the term involving the sensible heat is
negligible. Therefore, Equation 19 becomes

pd—p + o1 = 0 (25)
T

Applying the boundary condition 21 to solve
Equation 25, we get

1 1/2
p(t) = <2 f (p(‘C)d’C) (T = Tip) (26)

The solution to Equation 19 is a combination of
Equations 24 and 26. The existence and uniqueness of
the solution to Equation 14 have been proved [ 19, 20].
Since the solution to Equation 19 should be
continuous, at the ignition temperature we have

1 1/2
0T, = <2 f (P(’E)d’t) T = 1) @7

T)g

where 1;, is the value of T at which Equations 24 and
26 intersect.

For a given temperature profile and kinetics and
physical property parameters, the burning rate u is
determined by Equation 27, since ® = puc. However,
this equation overestimates u. Zeldovich [19,20]
obtained the range for u as follows:

(28)
where I is defined as follows:

I-=

0 0

Jl(p(t)dt + Jl(l —o®dt  (29)

2.4. Obtaining kinetic parameters from
combustion theory

From the combustion theory, as discussed previously,
the burning rate is determined based on the kinetic
parameters such as'E, ky, and temperature profile.
However, it is more often necessary to obtain the
kinetic parameters from the temperature profile and
the measured burning rate by applying the theory.
Kanuary [22] classified this problem as an inverse
problém to the combustion theory.

The mathematical desription of the inverse problem
is defined by Equations (4—7). The unknown para-
meters are the activation energy E and pre-exponen-
tial factor k, as well as the function f(«). Parameters
such as p, 4, ¢,, and ( — AH) can be obtairied from the
literature or measurement. The solution to the inverse
problem requires the determination of E and kq by
solving the differential equations based on those
known parameters and experimental results.

It is clear that the solution for @ cannot be obtained
from Equations 24 and 26 directly. A proper approach
to the solution is a trial-and-error method, comparing
the calculated results with the measured results until
the comparison is satisfied.

It is necessary to know the form of f(v) when
obtaining E and k,. Because of the dominant effect of
exp(— E/RT), the form of f(x) does not affect the
function of ® strongly. The form of f(«) was deter-
mined in this work by a DSC study to be (1 — a)?
[13,23].

To obtain the kinetic parameters E and kg, a trial-
and-error method with numerical iteration is neces-
sary. Since the reaction rate is very low below the
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ignition temperature, it is reasonable to assume @ is
0 when t < 1;,. Then, the following approximation
can be established:

1 Tig 1 1
f edt = f (pdr+J (pdrzj odt (30)

0 o] Tig

From Equation 27,
1 2
J pdt = @ (1)

1 )2 T
f(pdt—‘Jw(pdr = (m—z‘g)—Jq)dt

Thus,
1
f odt =
(32)

With repeated trial-and-error iterations, a right temper-
ature profile that corresponds to the experimental results
of the burning rate and the temperature-spatial coordi-
nate can be found. Further details of the solution proced-
ure can be found elsewhere [23].

3. Experimental methods

Elemental powders of Al, Ti, and Ni were used in the
experiments. The Al powder was from Alfa Morton
Thiokol, Ti from Micron Metals, and Ni from EM
Science. The purity of the powders was 99% wt %.
Different sizes of Ti and Ni particles were obtained by
screening the powders under an argon atmosphere.
Appropriate amounts of the pure powders for
Ti + 3Al and 3Ni + Al mixtures were weighed and
mixed in a roller for over three hours. The mixtures
were then pelletized in a double-action press to form
a rectangular pellet. The average size of the pellet was
about 6 cm in length and 1.5 cm? in cross-section. The
pellets were usually 60% of the full density. Several
small holes were drilled into the pellets about one
fourth of the pellet thickness to accommodate ther-
mocouples.

Ignition was accomplished by a silicon carbide
heating element, which was placed about -2 mm
above the sample pellet. All sides of the pellets were
covered by an insulating material except the top for
ignition and the front side for observation of the
burning rate. The sample was heated as quickly as
possible to the ignition temperature. Thermocouples
were connected to a data acquisition unit for record-
ing the temperature-time data. A camcorder was used
to record the burning rate. The process was conducted
under an argon atmosphere. When the temperature of
the sample reached the ignition temperature, a very
bright layer was observed, which advanced from the
top of the pellet to the bottom. Power to the heating
element was disconnected immediately after the reac-
tion started.

4. Results of experiments

The composition of the products from the mixtures of
Ti + 3Al and 3Ni + Al were analysed by XRD, and
a typical diffraction pattern is shown in Fig. 1. The
peaks indicate that the products are, respectively,
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Figure 1 X-ray diffraction patterns of SHS products. {(a) Ti + 3Al
(b} 3Ni + Al
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Figure 2 Electron microprobe analysis of product. (a) Ti+ 3Al
(b) 3Ni + Al

TiAl; and NizAL An electron microprobe was used as
an additional tool to examine the composition. Fig. 2
shows the composition profile of a point ( ~ 20 um) for
each product. The profiles show relatively constant
compositions. It is therefore concluded that the SHS



products of TiAl; and Ni;Al are basically single-phase
products.

The density of the TiAl; product was about
70-80% of the full density, and that of NizAl was
about 90% of the full density. The overall shape of the
products remained relatively unchanged from that of
the green pellet except for some swelling for TiAl; and
shrinking for NizAlL

The temperature-time curves at several ther-
mocouple locations within the pellets containing
Ti + 3Al and 3Ni + Al are shown in Fig. 3 (a,b). It is
seen that the curves for 3Ni + Al have much sharper
slopes (Fig. 3b) than those for Ti + 3Al (Fig. 3). This is
because the former system has a much greater burning
rate than the latter, as can be seen from the time scale.
The respective burning rates will be discussed in more
detail later.

The thermocouple near the top of the peliet for
3Ni + Al (No. 1 in Fig. 3b) indicates that, at this point,
the temperature rises slowly during the application of
the ignition heating until it reaches the ignition tem-
perature which in this case is 710°C. Other curves
taken at the middle and lower parts of the pellet show
little heating until the reaction front reached these
points. It can be seen that at these positions the
temperature—time curves are the same, indicating that
a steady combustion stage has been established. For
stable planar combustion, as in these cases, the tem-
perature—distance curves at steady—state can be ob-
tained from the temperature—time curves with the aid
of the measured burning rate.
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Figure 3 SHS temperature profiles. (a) Ti + 3Al (b) 3Ni + Al
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Figure 4 Effect of preheating on burning rate. (a) Ti+ 3Al
(b) 3Ni + Al (also maximum reaction temperature).

The effect of preheating the reactant pellet prior to
ignition on the burning rate was examined. Heating
experiments were conducted using a furnace around
the pellet. The pellet was heated at a rate of about
100°C per min to a desired temperature and then
held for 5 min. The nominal particle sizes for Al, Ti,
and Ni were —45, —45, and —10 pm, respectively.
Fig. 4(a,b) illustrates the effect of preheating on the
formation of TiAl; and NizAl, respectively. Preheat-
ing to a moderate temperature increases the burning
rate, as expected. However, excessive preheating was
detrimental to the burning rate, as can be seen in
Fig. 4b. This is because some reaction takes place at
the contact points between the two solids, which in-
hibits the direct contact of molten aluminium with the
other reactant after ignition. Furthermore, the heat
produced by the premature reaction during preheat-
ing is largely lost to the surroundings and does not
contribute to the SHS process after ignition.

5. Comparison between SHS
experimental results and model
predictions
As discussed in the mathematical modeling section,
kinetic parameters such as activation energy and pre-
exponential factor were obtained by solving the gov-
erning equation and comparing the solution to the
experimental results. In this part, a detailed procedure
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Figure 5 Mathematical model prediction of temperature profile.
(a) Ti+ 3Al (b) 3Ni + Al

of the solution is illustrated. Selection methods for ther-
mal conductivity, heat capacity, and reaction heat are
discussed, and the kinetics of TiAl; and NisAl are pre-
sented.

The adiabatic temperature T ,q4 is one of the boundary
conditions needed in Equation 7 and was estimated
based on thermodynamics. Assuming the sample to be
a homogeneous continuum with constant physical prop-
erties, the adiabatic temperature can be evaluated by

T,

ad
(-8f5s) = [ “Crar 63)
TO
where T,4 is adiabatic temperature, T is the initial
temperature, (— AH ?«TO) is the enthalpy of reaction at
temperature Ty, and C, is the heat capacity of the
product. The values of T,4 are given in Table L

The heat capacity C, and density p were obtained
from the literature [24,25]. These parameters vary
with temperature, and in order to select the represen-
tative values, their average values were calculated by

T2
IRL
Tl

Yavg = _T—z —T,

(34)
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TABLE I Results of the parameter selections

Ti0.25A10.75 Ni0,75A10.25
AW-K~tem™Y) 3.1x1072 1.6x1072
c(J-mol~t-K™Y) 29.4 324
(—AH)(kJmol 1) 37.0 [30,31] 40.3 [32]
plgem™3) 1.6 4.7
T,(K) 298 298
T, ,(K) 1556 (1283°C) 1542 (1269°C)

It is difficult to obtain the physical properties of the
product intermetallic compounds due to the lack of
information. In this study, the differences between the
reactant and product properties were neglected. The
thermal conductivities of solid aluminium, titanium,
and nickel as functions of temperature are known.
However, the thermal conductivity of a porous pellet
is difficult to estimate [26—28].

" Experimental measurements on the thermal con-
ductivities of metal powder compacts showed that
they range mostly between 1-3% of the thermal con-
ductivity of the solid phase [28]. For the pellets used
in this work, a similar ratio is expected. In order to
reduce the degree of uncertainty, however, the thermal
conductivities of the sample pellets were obtained by
matching Equation 24 with the portion of the meas-
ured temperature profile below the ignition temper-
ature. These values are listed in Table 1. They are
indeed within 1-3% of the calculated average thermal
conductivities of solid phases obtained from the litera-
ture [29].

The average heat capacity of the pellet from 298 K
to the adiabatic temperature was computed for the
mixture 4, B, by the following equation:

C = myC, + Mmpcy (35)

where ¢ is the atomic heat capacity, m is the atomic
fraction, and a and b denote the stoichiometry coeffi-
cients. Table I presents the results together with the
average density values similarly obtained.

5.1. SHS kinetics of TiAl; and NisAl formation
The kinetics of formation of the intermetallic com-
pounds TiAl; and Ni;Al were obtained by using the
numerical solution of the model [Equation 14] com-
pared with the results of the SHS experiments.
Fig. 5(a, b) show the results of mathematical simula-
tion and experiments for particles sizes — 10 pm of Ni
and —45 pm of Al and Ti. The activation energies of
TiAl; and NizAl formation are 483 kJmol ! and
265 kJmol 1, respectively. A pre-exponential factor of
62x10'7s"1  was estimated for TiAl; and
1.6 x 10'*s™ ! for NizAl

5.2. Comparison

The following approximate solution for the burning
rate as a function of the kinetic and thermodynamic
parameters has been reported in the literature [22].
This solution was obtained by assuming that the
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TABLE II Kinetics parameters from different methods

Model DSC Equation
(36)
TiAl; E(kJmol %) 483 517 439
ko(s™h) 6.2 x 1017 1.9x 1023 5.1 x 10%?
NizAlE(kFmol™%) 265 - 176
ko(s™%) 1.6x1017 - 2.8 x 10°

reactants are completely converted in a region near
the maximum combustion temperature:

2
¢ RTu koexp| — E (36)
(—AH) E RT,.4

where for a first-order reaction, o = 1.1; for a second-
order reaction, ¢ = 0.73; and a is the thermal diffus-
1vity.

According to Equation 36, the E and k, can be
obtained from the values of the burning rate at different
initial temperatures, by plotting Ln (u/T,4) against
1/T,q4, as shown in Fig. 6(a,b). The kinetics of TiAl,
formation were also measured by using differential
scanning calorimetry (DSC) [13]. The kinetic para-
meters from the SHS model, Equation 36, and DSC
are listed in Table II. To compare the kinetics results,
the results of E and k, from different methods were
combined into the Arrhenius equation: k =k,
exp(— E/RT), and the values of k at different temper-
ature were calculated and compared, as shown in Fig, 7
(a,b). For TiAl;, the rate constants by the DSC and

2

= 04

Lnk, (s™

Lnk, (s

6 6.5 7 75 8 85 9 95
{b) 1000/T, (K™

Figure 7 Comparison of rate constants obtained using different
methods (—— DSC, ——- Equation 36, —--— SHS modelling).
(a) Ti+ 3Al (b) 3Ni + Al

Equation 36 are close, but both methods give values
that are somewhat higher than that from the SHS
model. For NizAl, the rate constant obtained from
Equation 36 is also higher than that from the SHS
model.

6. Conclusions

An experimental investigation on the preparation of
NisAl and TiAl; by the SHS process has been conduc-
ted. A unidirectional steady—state mathematical
model based on heat transfer and chemical kinetics
was used to simulate the SHS process. Theoretical
SHS temperature profiles calculated from the numer-
ical solution of the model were close to the experi-
mental data. By solving the model equation, the ac-
tivation energy and the pre-exponential factor for the
reaction were computed based on the observed burn-
ing rate and temperature profile. The kinetic para-
meters obtained from the DSC work and the SHS
modeling agreed quite well. The model can be used to
simulate the SHS process and obtain kinetics informa-
tion for a unidirectional SHS reaction.
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